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Abstract 
The Donaldson invariants for the elliptic surfaces X with pg(X) > 0 were first studied by 
Donaldson (1990), and Friedman and Morgan (1994) using stable bundles. Kronheimer (1991) 
gave a topological calculation of the degree d = 0 Donaldson invariant of the K3 surface. Here we 
generalize Kronheimer’s approach to calculate a degree d = g + 1 invariant for each elliptic surface 
X with pg(X) = g > 0. We shall construct a moduli space of flat connections M with virtual 
dimension 2g + 2, derive that the degree g + 1 Donaldson invariant satisfies qd = aQkg-’ + bkgf ’ , 
and compute the leading coefficient a and how it changes under logarithmic transformations. The 
result agrees with Friedman and Morgan’s, but our proofs do not use algebraic geometry. 
We will also prove a relation over the anti-self-dual moduli space between the Pontryagin class 
of the base-point fibration and Donaldson’s p-class for certain smoothly embedded two-spheres 
with self-intersection -2. 0 1997 Elsevier Science B.V. 
Kqwords: Donaldson’s invariants; Flat connections; Elliptic surfaces 
AMS classijication: 57R99; 14527 
0. Introduction 
The Donaldson polynomial invariants of elliptic surfaces X with geometric genus 
pg(X) > 0 were first studied by Donaldson [4], and Friedman and Morgan [9]. Friedman 
and Morgan proved that X has a large diffeomorphism group with respect to the canonical 
class 
Kx = q(T*X) E H2(X), 
so the Donaldson invariant is a polynomial in the class Kx and the intersection form 
Q of X. They worked out the leading coefficient of the Donaldson polynomial and its 
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behavior under logarithmic transformations. Their calculation depends on the theorem 
of [2], which identifies the moduli space of anti-self-dual connections on an algebraic 
surface with the moduli spaces of stable bundles. 
In [14], Kronheimer gave a topological calculation of the degree d = 0 Donaldson 
invariant for the K3 surface. Consider the orbifold X = T4/a, where g is the map 
t ti -t on the 4-torus. This is the familiar singular model for the Kummer surface, and 
resolving the 16 double points with (-2)-curves gives us a K3 surface X. Kronheimer’s 
argument draws on the fact that, on any 4-manifold, there is one space of anti-self- 
dual connections which can be understood purely topologically, namely the space of flat 
connections. He showed that using an SO(3) bundle with a carefully-chosen Stiefel- 
Whitney class, the O-dimensional moduli space of anti-self-dual (ASD) connections on 
the K3 surface X can be constructed from the flat connections on the orbifold X. Here 
we mean to talk about connections in the orbifold sense: the monodromy at the singular 
points is allowed to be nontrivial, and the flat connections correspond to representations 
of the fundamental group of the complement of the singular set. There is exactly one flat 
connection on X with the right characteristic class, so the invariant for the K3 surface 
is equal to 1. 
In this paper we shall generalize Kronheimer’s approach to calculate a degree d = 
g + 1 Donaldson invariant for each simply connected elliptic surface with geometric 
genus ps > 0. Following Kronheimer’s idea, consider the singular elliptic surface X = 
T2 x E/a, where C is a closed Riemann surface with genus g = g(C) and 0 is the 
hyperelliptic involution over C and T 2. Then we construct an orbifold U(2) bundle 
over X having nontrivial monodromy at all the double points. Instead of getting a O- 
dimensional moduli space as in [14], we will get a higher dimensional character variety 
&I, i.e., a moduli space of flat U(2) connections, which turns out to be the union 
of T2gf2/o with a (49 - 2)-dimensional strata. The components Rd of the (49 - 2)- 
dimensional strata can be described in the following way. Consider a trivial SU(2)-bundle 
over a genus g surface; we have a (6g - 6)-dimensional character variety R(C). The 
action of the hyperelliptic involution u induces an involution on R(C). Denote by Rf 
the fixed point set of this involution. Then each component of Rd is the double cover of 
Rf branched over the set of reducible connections in R(C). 
When we resolve the double points in X, we get a simply connected elliptic surface X 
having geometric genus p, = g, and we apply Taubes’ gluing construction [21] to get an 
U(2)-bundle E + X and ASD connections on the associated PU(2)-bundle Ad E. The 
virtual dimension of the ASD moduli space M over Ad E turns out to be 2g+2, hence the 
(49 - 2)-dimensional strata is degenerate when g > 2. On the other hand, generically the 
obstruction bundle over T2g+2 /n is trivial, thus T2g+2/c describes part of M. From this 
description of the moduli space we derive that the degree d = g + 1 Donaldson invariant 
Q,j is equal to aQkg_’ + bkg+‘, where k is a primitive integral class and a rational 
multiple of the canonical class Kx. We can determine the Donaldson p-classes p(T2) 
and p(C) on T2gf2/ 0, and compute a particular value of the Donaldson polynomial: 
qd (T’, c, . . . > C) = (@“) u P~(C)~,M). 
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From this particular value we can compute the leading term of the Donaldson polynomial, 
i e . .> the coefficient a of Q@-’ 
We shall also work on the manifold X,,, obtained by performing logarithmic trans- 
forms with coprime multiplicities p and q on X, construct an U(2)-bundle Epq and the 
associated character variety fip,p, and calculate the leading coefficient of the Donaldson 
polynomial invariant. Let f E H2(Xp,q; Z) be the dual of a nonsingular fiber in a simply- 
connected elliptic surface X,., Then the exact order of divisibility of f E H2(Xp.q; Z) 
is pq [8], i.e., f = pq . k, where k E H2(Xp,q; Z) is a primitive integral class. 
Theorem 1. For the U(2)-bundle E,,, + X,,,, the Donaldson invariant is of the form 
qg+l = aQkg_’ + bkg+‘, 
where the Zeading coeficient a = f(pq)g(g + l)!. 
Theorem 1 agrees with Friedman and Morgan’s result, but we did not use algebraic 
geometry. 
When g = 1 and X is the Kummer surface, &f turns out to be just another T4/a. 
There are 16 singular points in &f, corresponding to the reducible connections. At these 
singular points, the leading term of the Kuranishi map for the ASD Atiyah-Hitchin- 
Singer deformation complex is given by the moment map studied in [ 131. 
Resolving the double points in X, we use Taubes’ gluing construction [21] to get ASD 
connections. The effect of the gluing construction near the reducible connections can be 
understood from the local Kuranishi model. For a generic metric we will resolve the 
singularities in /iz to get a smooth moduli space of ASD connections M by the generic 
metric theorem in [lo]. Taking advantage of the results in [13], we have: 
Theorem 2. For our bundle E over the K3 sur$ace X, M is diffeomorphic to a K3 
St.&ace. Furthermore, as an S0(3)-bundle, the base-point jibration p: MO t M is 
isomorphic to Ad E + X. 
The fact that over the K3 surface X, every compact four dimensional component of 
the ASD moduli space is again a K3 surface is first proved by Mukai [ 191 using algebraic 
geometry; our analytic proof is actually due to Kronheimer. 
Let 2 be a closed, oriented Riemannian manifold with b$ greater than one, and let S be 
a smoothly embedded two-sphere in 2 with self-intersection -2. Denote the complement 
of S in 2 by z^. Let pr(p) in H4(M; Z) be the first Pontryagin class of the base-point 
fibration over the ASD moduli space. We prove: 
Theorem 3. Let P -+ Z be a U(2)-bundle with (wz(P),S) # 0. For any classes 
C,. . , Cd-2 E Hz(Z) h aving trivial intersection with S we have 
Q(G,... , z-2, s, S) = -adz, f.. , z-2, VI 
where u = p(pt) = -&l(p). 
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When g(C) = 2, the moduli space &t is also very interesting. It is the union of T6/cr 
with 4 copies of the 6-dimensional character variety Rd, where Rd is a double cover of 
the character variety R(C) for the genus 2 surface branched over the set of reducible 
connections in R(C). The connections in Rd are irreducible and nondegenerate away 
from the branch locus. The character variety R(C) can be identified with the moduli 
space of semistable rank 2 vector bundles under S-equivalence over C. For this latter 
moduli space, Narasimhan and Ramanan proved [20] that R(C) is homeomorphic to 
CP”. From their proof one can also see that the Donaldson p-class ,u(C) in R(C) is the 
generator of H2(CP3), so in this case we also know the Donaldson invariant exactly: 
Theorem 4. For our bundle E + X, where X is the simply connected p, = 2 elliptic 
suface with no multiple fibers, the degree 3 Donaldson invariant is q = 3Qk + k3. 
This paper is organized as follows. In Section 1 we briefly review the definition of the 
Donaldson invariant. In Section 2 we construct the moduli space of flat connections and 
indicate how to obtain the ASD moduli space from it, using Taubes’ gluing construction. 
Section 3 consists of the proof of Theorem 1. In Section 4 we focus on the K3 surface 
and the relation for the four-dimensional class, and prove Theorems 2 and 3. Finally, in 
Section 5 we derive Theorem 4 from Narasimhan and Ramanan’s result. 
1. The Donaldson invariants 
We shall briefly review the definition of the Donaldson polynomial invariants, for 
details see [.5,9] and [15]. 
Let P be a principal U(2)-bundle over a compact connected oriented Riemannian 
four-manifold X, let dx,p be the space of connections on the associated PU(2)-bundle 
Ad P, and take the gauge group G be the group of bundle automorphisms of Ad P which 
lift to bundle automorphisms of P with determinant equal to the identity on det(P), as 
in [15]. 
Define B to be the quotient space t3 = d/G, with the quotient topology, and write [A] 
for the equivalence class of a connection A. 
Write A* for the open set of irreducible connections whose isotropy group 
PA = {U E G 1 u(A) = A} 
is trivial. Let 
Take a base-point 20 in X, and let B” = d/Go, where GO = {g E G 1 g(z0) = l}. 
There is a natural map ,B : B” + f3. Letting B”* c B” be the space of framed irreducible 
connections, then there is a principal bundle with fiber SO(3), the base-point$brution 
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and there is a universal S0(3)-bundle 
Definition 1.1. 
(1) For a U(2)-bundle P + X, the map p : Hz(X; 22) + H2(B>,p;Z) is given by 
P(Q) = -(1/4h (~“d)/bl. 
where (Y E Hz(X; Z)). 
(2) The four-dimensional class v E H4(Z?*; Q) is given by the Pontryagin class of the 
SO(3) bundle /I?: 
v = -(1/4)m(P). 
On the Riemannian four-manifold X, the Hodge *-operator decomposes the two- 
forms on X into self-dual and anti-self-dual parts, denoted Q$, 0, respectively; the 
dimension of the linear space of self-dual harmonic two-forms will be denoted by b$. 
The splitting extends to bundle-valued 2-forms and in particular to the curvature tensor 
FA of a connection A on the bundle Ad P over X, so we have the decomposition 
A is anti-self-dual (ASD) if FA + = 0 The moduli space of ASD connections modulo , 
gauge transformations will be denoted by MX,P or simply M. 
For a generic metric on X with b$ > I, the ASD moduli space MX,P is a smooth 
orientable manifold of dimension 
-2p,(AdP)-3(1+b+) =2d. 
An orientation 0 of H:(X) determines an orientation o(Q) for Mx,p such that 
o( -0) = -o( 0). Choose m and n such that m + 2n = d, let [Et], . . . , [Cm] be classes 
in Hz(X; Z), and let p(Ci) E H2(B*; Q) be the corresponding cohomology classes. The 
cup-product I/~ U p(C,) U . . . U p(C,) has degree 2d, so we can try to evaluate it on 
M, ‘defining’ a number 
cm(~n,Z,. .,Z-n) = (v” UF(&) ‘-J...ul~(Zn), [Ml). 
This was first done in [4] under some technical assumptions. The main difficulty is caused 
by the noncompactness of the moduli space M and the existence of flat connections over 
X. Later on the technical assumptions were removed in [9] and [ 151. So qk is an invariant 
of the oriented diffeomorphism type of X, which is the Donaldson polynomial invariant 
of x. 
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2. Construction of the ASD moduli space 
2.1. The spaces and the bundles 
Following Kronheimer [ 141, let IV be the one-point compactification of the line bundle 
of degree -2 over the 2-sphere. We regard W as an orbifold with a single double point 
(the point at infinity). 
Topologically, W can be realized as the quotient of @* (the complex projective plane 
with reversed orientation) by the involution 
0:CP2 + @P2, +I, Zl, x21) = [--20, z1,221. 
CJ has one fixed point [ 1 , 0, 0] and one fixed 2-sphere [0, zr,z2]. In a neighborhood of the 
fixed point [l, O,O], the action of the involution is just multiplication by (-1) on C2. So 
a neighborhood of the double point in W is a cone on IRP3, and we call the complement 
of this cone neighborhood a (-2)-curve. 
This involution can be lifted to the hyperplane line-bundle so as to act as -1 on the 
fiber at the isolated fixed point and as 1 on the fibers over the line. The quotient of the 
hyperplane bundle by CJ is then an orbifold line bundle L --+ W, and we write Er for 
the U(2) bundle C $ L. The Pontryagin number of the bundle Ad El is -l/2 because 
this is half the Pontryagin number of the bundle IR @ 0( 1) on @P*. El has holonomy 
(i _y) (notice that this matrix is conjugate to (y A)) on the nontrivial loop in the RP3 
linking the double point. The following result was proved in [141: 
Lemma 2.1. Let El be the orbifold U(2)-bundle @ @ L on W given above. Then for a 
generic metric h on W there is exactly one h-anti-self-dual connection A1 in Ad El up 
to gauge equivalence. This connection is reducible and Hi, is zero. 
Suppose C is a closed Riemannian surface of genus g = g(C) with a hyperelliptic 
involution CJ. Let X be the orbifold T2 x C/o where D acts by the hyperelliptic involution 
on both T* and C. The projection 
T* x C/O + C/u ” S* 
has fiber T* away from the image in S* of the fixed point set of the hyperelliptic 
involution on C, so X is a singular elliptic surface. A neighborhood of a singular point 
in T2 x C/a can be identified with D4/(fl), so we can cut out a neighborhood of a 
singular point and glue in a (-%)-curve to resolve the singularity. In this way all the 
singular points can be replaced by (-2) curves so we get a simply connected elliptic 
surface X with geometric genus p, = g. The involution g has 8g + 8 fixed points on 
T* x C, so 
X = x jj2 (8g + 8)W 
where the symbol #2 denotes that the sum has been made at double points. 
We construct an orbifold U(2)-bundle 
@* + ,?? + T* x C/o 
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by setting 
E = (T2 x c) x(*1) C2 
where - 1 acts on T2 x C as 0, on @’ by (y A). Apparently E has a flat connection. The 
restriction of the bundles E and Er to the IRP3 linking the singular points are isomorphic, 
so when gluing in the (-2)-curve to X, we can glue the bundles Er and 6 together to 
get an U(2)-bundle E t X. We write 
Now l? is flat, pr (Ad El) = -l/2, so the Pontryagin number of the bundle Ad E is 
P,(AdE)=(8g+8)(-l/2)=-49-4. 
A similar calculation shows that Q(E) = 0, hence the moduli space M of ASD con- 
nections on Ad E is compact by the Uhlenbeck compactification theorem. The formal 
dimension of the moduli space M is (see [l] and [7]) 
-2p,(AdE)-3(b+-b,+l)=2g+2, 
where b+ = 2g + 1 is the dimension of the space of self-dual harmonic 2-forms on X, 
and br = 0 is the first Betti number of X. 
2.2. The character variety on T2 x C/a 
For convenience we identify the unitary quaternions Sp(1) with SU(2) in which i, j, 
Ic are the matrices 
As previously defined, k is the orbifold T2 x C/a where (T acts by the hyperelliptic 
involution on both T2 and C. Let X be the elliptic surface obtained by resolving the 
double-points. Denote the complement of the singular points in X by 2. The orbifold 
fundamental group 7~ of X (i.e., the fundamental group x1(_?)) is a semidirect product, 
7rl (T’ x C) + 7r + C,. 
Fig. 1. 
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If yi, . . , yzg (see Fig. 1) denote the generators of ~1 (C), ti, t2 the generators of ?ri (T2), 
and o is the generator of (72, then the semidirect product is given by the relations 
YlY2 ‘. . y2g = Y2g . . . Y2Y I, 
ay@7=yp (k= 1,...,2g), 
atpJ = t;’ (1 = 1,2), 
[tl> Yk] = 1, 
where [tl, yk] is the commutator of tl and yk. 
Recall & is the orbifold U(2)-bundle on x. Using the correspondence between flat 
connections and representations of the fundamental group, the moduli space of flat con- 
nections fi on B can be identified with the quotient 
&t = R(7r)/U(2), 
where R(X) is the space of representations of QT into U(2) with o mapped to the conjugacy 
class of (y i) and U(2) acts by conjugation. Notice that from the definition of the gauge 
group, fi is also the moduli space of flat connections on Adl?. The character variety 
d is given by the following: 
Proposition 2.2. The character variety R(7r)/U(2) can be identified with a union of 
T2g+2/a with a (49 - 2)-dimensional strata having four components, each isomorphic 
to Rd. T2g+2/u is the quotient of the set of representations 
o-(; ;), Yk*(e;k e-;+ t,*(“8’ ,_;,,) 
by C2, the generator of C2 acts by the conjugation of (y A). 
Proof. It is clear that the above equations give representations of 7r. We know 0 is 
mapped to the conjugacy class of (y A). F ix 0 to be (y A). We need only consider the 
conjugate actions of the U(2) matrices commuting with g, hence we consider the con- 
jugation action by S’ (Ic) = {d + dk E SU(2)). The equation 
is satisfied if and only if b is real. Therefore for any representation T in R(r), 
r(yk), T(tl) E s’(i,j) = {a + bi + cj E Su(2)). 
Suppose that at least one of r(tl), r-(h) is not Ad-trivial, say r(tl). Conjugating by 
S’(k), we can assume that 
r(h) = (“b”’ e!q 
Since the elements yk commute with tl, they must be mapped into diagonal matrices un- 
der T. Now we can still conjugate these matrices by lc, and this is the same as conjugation 
by (Y 3. 
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When TV, t2 are both mapped to *l, we can no longer claim that all the ylc are mapped 
into the same maximal torus. Plugging the relations 
ffy@ = yyl,’ (k = 1,. . ) 2g) 
into the equation y’y2.. .y~y;‘y;‘. . .Y;~’ = 1, we get 
y1y2...y2~ay1y2...~2~~ = I7 i.e., a(yly2...y2,)0 = (y'y2...~2~)-'. 
This is equivalent to 
yIy2."y/zy E S2(i,j) = {a+bi+cj E SU(2)). 
We know T(yk) E S’(i,j), and these give us 4g parameters. The last equation reduces 
the dimension by one, and conjugating by S’ (k) we see that Rd is a (4g-2)-dimensional 
variety. 0 
To understand Rd better, observe that the hyperelliptic involution g induces an invo- 
lution u on the (69 - 6)-dimensional character variety of genus g surface C 
R(JJ = n(r’(c), SU(2))/SU(2). 
Denote by Rf C R(C) the fixed point set of this involution, and then 
Proposition 2.3. Rd is a double cover of the jixed point set Rf of the involution cr on 
R(C), branched over the set of reducible connections in R(C). 
Proof. If we forget the element ~7, i.e., restrict to the fundamental group of the Rieman- 
nian surface C, then we get a map rr : Rd + R(C). A flat connection p is in the fixed 
point set if and only if there exists an H E SU(2), such that p(y;‘) = Hp(yj)H-‘. 
Supposing p E Rd, then the matrix H = rti(y A) satisfies this equation. Thus the image 
of rr is contained in Rf . 
On the other hand, if a flat connection p is in the fixed point set, we need to find a 
representation that satisfies the relation 
(r A)P(Yk)(Y :,) =p(y,‘) (k= 1,...,2g). 
This is fairly obvious if plrr’ (C) is Abelian. If plrr’ (C) 1s non-Abelian, then without loss 
of generality one can assume that p(yl ) and p(y2) are not in the same maximal torus. 
By conjugation one can further assume that 
p(y,) E s’ = {a + bi E SU(2)). p(y2) E S2(i,j) = {a+bi+cj E SU(2)). 
Now the condition p(yy ‘) = Hp(yj)H-’ will force that H = *k. We can find u t 
SU(2) such that uIC’LL-’ = -k. and the two representations 
l/i e P(Yi), c * , and yi e zlp(yi)u-‘. (T ti 
are distinct in Rd. Thus rr is a branched double cover. 0 
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Remark. Notice that %& is the moduli space of flat connections character variety for 
the bundle 
i; = (s* x c)x(*@ t s2 x c/a = P. 
In other words, R,j is a character variety for 7rl(p) (? is the complement of the fixed 
points of the involution g), where the orbifold fundamental group ~1 (p) is the semidirect 
product 
7rI (s* x c) t 7r] (F) -9 c,. 
When the surface C has genus g(C) = 2, the dimension of the fixed point set Rf equals 
the dimension of R(C), hence Rf = R(C) ( see also [20]), and Rd is a branched double 
cover of R(C). This simple fact will be used in Section 5 and [22]. 
2.3. The obstruction bundle over &I 
Given a U(2)-bundle E over a closed 4-manifold X, and A an ASD connection on 
Ad E, one can form the ‘deformation complex’: 
L’$(AdE) da, &(AdE) % L?;(AdE). 
The ASD condition for A precisely asserts that di o d A = 0 so this does form a complex, 
and we get three cohomology groups Hi, Hi, Hi. They play a crucial rule in the 
description of the local models for the ASD moduli space. 
In this section we will regard the flat connections in the character variety &f as 
ASD connections on the bundle fi over 2, and study the cohomology groups of their 
deformation complex. Now _% is not a closed manifold; to setup everything properly, 
we need to use the L*-moduli space for manifolds with cylindrical ends introduced 
in [17]. Fortunately, they proved that when the ASD connection A is given by a flat 
connection, the cohomology groups for the deformation complex of A can be identified 
with the corresponding cohomology groups defined using the flat connection. Hence 
we will simply calculate the cohomology groups using the flat connections instead of 
introducing the huge machinery in [ 171. 
The following result is easy to prove. 
Proposition 2.4. Suppose Q E J~I is a jlat connection whose corresponding representa- 
tion has at least one of q(tl), v(t2) not Ad-trivial. Then 
dimH’(z,Adq) =dimH:(j?,Adq) =0 and dimH’(z,Adq) =2g+2. 
Suppose v E R:, where Ri c Rd is the set of representations which are irreducible 
when restricted to C, that is to say, R; is the unbranched double cover of the irreducible 
connections R; c Rf. Considered as a flat connection on the trivial SU(2) bundle over 
C, one has 
H’(C,Adq) = H2(C,Adq) = 0, H’(C, Adq) = R6g-6. 
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The involution c acts on the (69 - 6)-dimensional tangent space T,R(C). Since 
dimRf = 49-2, the (-1)-eigenspace E-i is (6g-6-(49-2)) = (2g-4)-dimensional. 
The involution CJ on T2 x C also induces an action as (- 1) on H’ (T*). If w E E_ 1, 
w E H’ (T2), then 0 acts as 1 on w @ v E H2(T2 x C, Ad q), hence it descends to an 
element in H2(T2 x E/a, Adv). By taking the anti-self-dual part, one sees that 
dim Hi (T* x E/a, Ad 7) = 2g - 4. 
It is easy to see that 
dim H”(T2 x E/a, Ad q) = 0, dimH’(T2 x C/a,Adrj) = 4g - 2. 
The obstruction bundle %+ + Ri which assigns the fiber H$ (T2 x E/a, Ad q) to 
each v E R: can be viewed more concretely. Notice that the (- 1 )-eigenspace of CJ on 
TR( C) 1~~ is the normal space of ‘Rf in R(C). Thus we have 
Proposition 2.5. The obstruction bundle R+ + Rz is isomorphic to the pullback of the 
normal bundle of R; in R(C) under the double cover 7r. 
Remark. Although every flat connection in ‘Rd is degenerate (i.e., has nontrivial Hi) 
when g > 2, if we know the homology class [RT] E H,(R(C)), Proposition 2.5 will 
allow us to compute the contribution to the Donaldson polynomial from Rd. By Propo- 
sition 2.2 there are 4 copies of Rd in the (4g - 2)-dimensional strata, since Ed is a 
double cover of ‘Rf, 
CJ(~, . . : c) = 8(@) u u IL(~), [R;] n [Rj]) 
2.4. Logarithmic transforms 
We now consider the effect of making logarithmic transforms. Let F = T* x {z} be 
an embedded 2-torus in T2 x C. We take z to be any point which is not fixed under 
the hyperelliptic involution ~7, so that F is mapped one-to-one into X, where its image 
will be called F also. As it comes from T* x C, the normal bundle of F has a standard 
framing, and we identify a closed tubular neighborhood N of F in k with F x D2. Let 
Y = X \ int(N) and let U, U, and IL! be standard generators for the first homology of 
the 3-torus dN = aY with u corresponding to {s} x aD* for some s in F. Let p be an 
integer greater than 1 and let $ : dN + dY be a diffeomorphism such that 
q*(U) = pzl + ‘u. 
Let Xr, be the orbifold formed by gluing N to Y using 11, and let X, be the 4-manifold 
obtained by resolving the singularities. The surgery we just described, which modifies 
X to produce X,, is an example of a logarithmic transform of order p. The reader can 
find more on the differential topology in [9,11,12]. The logarithmic transform can be 
performed in the holomorphic category, and X is diffeomorphic to an elliptic surface. 
We shall actually work on the manifold X,,, obtained by performing logarithmic 
transforms with coprime multiplicities p and q on two parallel tori, say F and a nearby 
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copy 8”. If we set q = 1, we get X, and if p = q = 1 we get X since the logarithmic 
transform of order 1 is trivial. The X,,, are simply connected. In fact, a complete 
list of diffeomorphism types of simply connected minimal elliptic surfaces (with some 
redundancy) is given by XP,q, p, q # 0. 
Note that logarithmic transform preserves Euler characteristic and signature, so for 
fixed g = g(C), the intersection forms of the manifolds X,,, will have the same rank 
and signature. Thus X,,, and XPl,q I will be homeomorphic if and only if their intersection 
forms have the same type (even or odd) by the classification theorem of Freedman [6]. 
In fact, X,,, will have an even form if and only if g, p and q are odd. Thus we have 
one homeomorphism type for g even, and two for g odd. 
Take zi and 22, I # 22, to be two nearby points in C not fixed by the hyperelliptic 
involution ~7. Take Fi = T2 x {zi}, i = 1,2, to be two embedded 2-tori in T2 x C, and 
denote their image in X by Fi also. We identify a closed tubular neighborhood A$ of Fi 
in X with Fi x Df, and set 
Y = X \ int(Ni U A$). 
Then the double cover of Y is 
? = T2 x (C \ int(Di U o(Dl) U 02 u 4D2))). 
Let yi, . . ., y2g, cc+, CL, w+, w_ be the generators for the fundamental group of the 
surface C \ (01 U ~(0,) U 02 U CY(DZ)), as shown in Fig. 2, and let tr, t2 be generators 
for rrt (T2). Then t 1, t2 are central in 7ri (F), and the only other relation is 
x+w+y1 . ’ . y2,x_w_ = yQ . . . y1. 
To obtain rri (9) we adjoin the extra involution o with the extra relations 
C7x+cl= x_, OW+U = w_, -1 gYja=Yj 7 C&g = t;? 
7 . 
X- i 
9 
y29 
W- 
Yi’ 
Fig. 2. 
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Let p, q > 1 be coprime integers and let q& : alv, -+ aY be diffeomorphisms such that 
$l*(Ul) = PUl + tl, 742*(u2) = F2 + t2. 
Let Xp,, be the orbifold formed by gluing Ni to Y using r,& and let _%p,q be the com- 
plement of the singularities in Xp,,; resolving the singularities we obtain the 4-manifold 
X p,q. The fundamental group rrt (j?,,,) is obtained from 7rt (p) by adding two more 
relations 
xp -t +- I> w: = t2. 
Let X,,, be the double cover of _%p,q determined by 0. As before we have the asso- 
ciated U (2)-bundle 
(X,/J Xii @* = Ep,, 3 zp,q, 
and we can glue the bundles El and I& together to form a U(2)-bundle 
The Pontryagin number of the adjoint bundle Ad Ep,q and the formal dimension of the 
ASD moduli space can be computed as before; they are all the same once g is fixed. 
Proposition 2.6. The moduli space of flat connections on the U(2)-bundle Ep,, is the 
union of T2g+’ /a with a higher dimensional degenerate strata Rd,p,q. T2g+2/a is the 
quotient of the .set of representations 
x+ ++ (“b”’ ,q, 
by CZ, the generator of C2 acts by the conjugation of (y A). 
Proof. The character variety can be analyzed as before. Notice that we have more de- 
generate components if at least one of p, q is greater than 1, since they occur when 
p(z”+) = il and p(wT) = *I, and the dimension of the degenerate components will 
also be higher. 0 
Let T2 be a nonsingular fiber in Xp,,. Restricting flat connections to T* we get the 
map 
where T*/ f 1 is the character variety over the 2-torus T2. The following observation is 
trivial but important. 
Corollary 2.7. The restriction rT2 : -h;2p,q -+ T2/ f 1 maps all the connections in 
Rd,p,q c A,,, to the Ad-trivial flat connections in T2/ * 1. 
248 B. Yu / Topology and its Applications 77 (1997) 235-260 
Now we have an ASD moduli space /\;1 over _% and a unique ASD connection Al 
over IV, the restriction of the connections to IKP3 are isomorphic. We would like to glue 
the ASD connections over _% and IV together to obtain an ASD moduli space on the 
bundle Ad E + X. Since we have only one isolated flat connection on the restriction of 
the bundles to IRP3, we can adopt the results in [21] and [5]. 
Applying Taubes’ gluing construction to the bundle Ad EP,q, Propositions 2.2,2.4, 2.6 
and Uhlenbeck’s weak compactness theorem (see [lo]), we get the following result: 
Corollary 2.8. The moduli space M,,, for Ad EP,q is compact with all the ASD con- 
nections coming from the gluing construction. Suppose U c A,,, is the set of flat 
connections whose corresponding representation has at least one of v(tl), v(t2) not 
Ad-trivial. Then U is homeomorphic to an open subset of the ASD moduli space M,,, 
for EP,q. 
Roughly speaking, an open dense subset of T2g+2/o c tip,4 describes an open subset 
of MM. 
3. Computation of the leading term 
3.1. The p-classes on T2g+2/a 
Let s be a point in the 2-torus T2 which is not fixed by the hyperelliptic involution o. 
We have an embedding of the surface C in T2 x C/o given by 
{s} x C + T* x Z/a. 
The restriction of the bundle fi to C is a trivial SU(2)-bundle, and the restriction of flat 
connections in /iz are flat connections. We are particularly interested in the restriction of 
connections in T2g+2/o to C, since by Corollary 2.8 an open dense subset of T2gf2/a 
describes an open set in the ASD moduli space. In this case we get a moduli space of 
reducible flat connections over the surface C, a 2g-dimensional moduli space T*g/&l. 
Since these are reductions of degree zero, by Corollary 5.2.8 of [5] we know the class 
p(C) extends across T2a-t2/ o, so we can compute the class p(C) by computing the 
first Chem class of the determinant line bundle for the family of operators obtained by 
coupling the Dirac operator to the connections. 
We have a double cover 
T2g x C + T2g/fl x C. 
The pullback of the universal bundle is L $ L-’ + T*g x C, where L is the Poincare 
line bundle. So we have the following diagram: 
L @ L-’ -T2g x Z-T2g 
I 
P 
1 
P 
T*g/H XC -T*g/ f 1 
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If we can compute the pullback p* p( C) of p(C) to T*g, then we certainly know the class 
p(C). We simply apply the Atiyah-Singer index theorem to get the following result: 
Lemma 3.1. The pullback of p( [Cl) to the 2g-dimensional torus T*g is 
P*P([q = 20, 
where 0 is the standard symplectic form on T2g. 
Proof. Let vi ( 1 6 i < 2g) be a standard basis for H’ (C, Z), so that ~~-1 A 192~ = 1 
and vi A uj = 0 otherwise. Take Wi E H’(T *g Z) to be the dual basis. Then the Chem , 
class for the Poincare line bundle is ci (L) = ~~~, wi @ vi. From the Atiyah-Singer 
index theorem (see the proof of Proposition 5.2.5 in [5]), 
i<j 
=20. 0 
p=l 
Remark. Let II: be a point in C with O(X) # 2 and let T2 be the surface in T2 x C/o 
given by the image of T2 x {x} under the quotient map. Since p(T’) is the first Chem 
class of the line bundle 
it is dual to the zero-set of a generic smooth section, i.e., a codimension two divisor. 
From Lemma 3.1 we know that generically this zero-set is a point in the complement 
of the double points in T*/ f 1. Since the generic intersection of two points in T*/ * 1 
is empty, the evaluation of any cohomology class divisible by p(T*) U ,u(T2) on M is 
zero according to the divisor definition of Donaldson’s invariants. 
3.2. The leading term 
Now we have the commuting diagram 
T* -T* x T*9 ,T%I 
P I P I P 
T*/ * 1 TT2g+2/ i 1 e T*g/ & 1 
Since each p is a double cover, by Lemma 3.1 we have 
baT21) u4[El)g~ T2g+‘/ zt 1) = (1/2)((204 u (20T24g,T2 x T*“) 
= (l/2) .2. ((20T~s)g,T2g) = 2g .g!. 
Now T*g+*/, describes part of the ASD moduli space M, we can determine the value 
MT*) u PUN> M) ‘f 1 we can determine the contribution from the part of M obtained 
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by cutting down the degenerate strata Rd. One can see this contribution is actually zero 
using the codimension-two divisor definition of the Donaldson invariant: by Corollary 
2.7 everything in Rd is mapped into the double points, and the gluing construction only 
introduces a small perturbation to the restriction map, so every ASD connection arising 
from I& is mapped to a small neighborhood of the double points in T*/ f 1. The 
codimension two divisor VT2 representing the class p(T*) in T2/ f 1 is a generic point 
away from the double points, so the pullback of I/T2 to Rd is empty. By Poincare duality, 
(p(T2) U am, M) = (cL(J?‘, I+), 
so the contribution to (p(T*)Up(C)g, M) f rom Rd is zero. Hence we have the following 
result: 
Lemma 3.2. For the elliptic surface X with geometric genus g, 
(p(T*) u P(C)~,M) = 2g . g!. 
Let f E H2(Xp,q; Z) be the dual of a nonsingular fiber in a simply-connected elliptic 
surface X,,,. Then the exact order of divisibility of f E H*(X,,,; Z) is pq [8], i.e., 
f = P9 k, 
where k E H2(Xp,q; Z) is a primitive integral class. Friedman and Morgan [9] showed 
that X,,, has a big diffeomorphism group with respect to k, which implies that the degree 
d Donaldson polynomial qd of X,,, is a polynomial of k and the intersection form Q of 
X P>q’ 
We first recall some conventions from [9]. Let V be a finite-dimensional vector space 
over C. Associated to V is the tensor algebra 
T’V = 5 TnV, 
n=O 
where T”V = y 18 ‘,. @ V,. 
n times 
For each n, the symmetric group C, acts on T”V. Let S”V denote the invariants of 
this action. Thus we can think of S”V as the ‘symmetric tensors’ of degree n. We 
shall usually be interested in the case where V is replaced by the dual vector space 
V’. There is a canonical isomorphism T*(V*) ” (T*V)*, and the induced isomorphism 
T”(V*) ” (Tn)* commutes with the action of C,. In particular, an element in S” (V* ) is 
the same thing as a multilinear function on V which is symmetric in its arguments. Since 
the E, action on T”(V*) is dual to the one on Tn(V), the product of two symmetric 
multilinear forms (Y E Sn(V*), ,3 E S”(V*) is given by 
We begin with the elliptic surface X with no multiple fibers. Since our elliptic sur- 
face X is constructed from T* x E/a, and the cohomology class k = f is dual to a 
nonsingular fiber T*, we know that Q(T2, E) = 2 and k(C) = 2. Therefore, 
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Qkg-‘(T*: C, . . . , C) 
= &+r! . Q(T2, C)k(E)“-’ + g! Q(C,T2)k(C)g-‘) 
p+’ g! 2”f’ 
zz-----Ye= 
(g+ I)! g-tl’ 
From the remark at the end of the last section and the fact that our degree d = g + 1 
Donaldson invariant qs+’ is a polynomial of the class k and the intersection form Q, we 
obtain that 
qs+l = aQkg-’ + bkg+’ 
for some rational number a and b. Because rC(T2) = 0, we have 
q9+, (T’, C, . . . , C) = (aQP’ + bkg+‘) (T*, C, . . . , C) 
= aQ&- (T*, C, . . . , c) = (P(T’> u /mg> M). 
Hence for X the coefficient of the leading term a = (g + 1)!/2. 
Next we consider the effect of doing two logarithmic transforms. As before take zl 
and z2 (a(~,) # ~2) to be two points in C not fixed by the hyperelliptic involution 0. 
Let D’, 02 be small disks around z, and q and set 
C’ = C \ int(D, U D2 U o(D’) U I) 
Take pq different points si (1 < i < pq) in T2 not fixed by the hyperelliptic involution 
g, let Ci = {si} x 23’ (1 < i 6 pq) be embedded surfaces in 
Y = T* x (C \ int(D, U ~(0,) u D2 u 4D2))); 
and denote their image in Y by Ci also. Take q distinct points ai (1 < i < q) in 
p distinct points by (1 < j < p) in T* x { 1) c T* x D2 = N2, and denote the embedded 
disks by D’,i = {ui} x D’, D,,j = {bj} x D2. For simplicity we write the union of all 
the Cl, D’,i, D2,3, a(D’.i), a(D2,j) in the double cover 
Y U N, U N2 u g(N,) U 4N2) 
of &L, determined by c as 
C:, = pqc’ + qD, fpD2 + qo(D,) fp(D2). 
The restriction of ax; to T2 x i3D’ c aY can be homotoped to qt’ since $,*(u,) = 
p aD’ + t’ . The involution 0 takes t, to t; ’ , thus in the orbifold XP,, we can glue 
the images of the boundary components a&!, n (T* x aD’) and a,Zh n (T’ x &r(D’)) 
together. We make a similar construction to aJ$, f? (T* x i3D2) and aE;fl (T2 x ao(D,)), 
then we obtain an immersed closed surface Co with genus go = g(Co) 3 pqg(C). The 
intersection number Q(F, CO) = F CO = 2pq. 
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Now we want to determine the classes p(F) and I*(&) over the abelian part of of the 
moduli space T2g+2/,. A s b f e ore we restrict the connections to T2 x {z} and Co to get 
the maps 
rT? : &tp,q --f T*/ zt 1, rco : T2g+2/a -+ T2g0/ i 1, 
and the commuting diagram 
P 
I I 
P 
I 
P 
T2/ f 1,,T2g+2/ f 1 TT2go/ f 1. 
Since we constructed the surface from pq copies of (C \ int(Dt U c~(Dl) U D2 UC(&))), 
the induced map &, p ulls the standard symplectic form on T2g0 back to pq-times the 
standard symplectic form on T *g. Because pTZ is a pq-fold cover, the induced map on 
the 2-dimensional cohomology is also multiplication by pq. Therefore, 
(p( [T’]) u P(PoI)~>T~~+~/ f 1) 
= (1/2)(&@&U (2pqOTzs)g,T2 X T2g) 
= (l/2) .2pq . ( (2pqOT2s)g, T2g) = 2g . (pq)g+’ . g!. 
The intersection number Q(T*, CO) = 2pq, hence computing as before we obtain the 
coefficient for the leading term a = i (pq)g (g + 1) !. 
Theorem 3.3. For the U(2)-bundle Ep,q. + Xp,,+ the Donaldson invariant is of the form 
qg+l = aQkg-’ + bkg+’ > 
where the leading coefficient a = i(pq)g(g + l)!. 
4. The K3 surface 
4.1. The character variety of K3 sur$ace 
Take the surface C to be a 2-torus T* in T2 x C/u, we obtain an orbifold X = T4 /CT. 
Let _? be the complement of the singular points in T4/a. Resolving the singular points in 
T4/a, we shall get the K3 surface X. From Proposition 2.2, if we denote the generators 
of 7rl(T4) by tk, 1 < k < 4, the moduli space &I 2 T4/ f 1 of flat connections over 
the bundle I? is given by the set of U(2) representations 
oi-$ (y 6)> tk* (e:i e_:ki) 
modulo the involution generated by (y A). Except for the 16 fixed points of the involution 
(y h), every flat connection q in &t ” T4/ f 1 has 
H’()?,Adn) = H:(j?,Adn) = 0. 
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The 16 fixed points ni, 1 < i 6 16, are given by 
CT* O l ( > I 0 1 0 ’ hh’h o , . ( 1 
If we pass to the associated SO(3) bundle Ad,??:, the 16 fixed points will all be mapped 
to the flat SO(3) connection Adni, which is given by 
+ ;1 !l), &_(i ; B). 
Obviously this is a reducible connection, Ad l? = Iw @ L. 
Now we consider the cohomology of the deformation complex 
Observe that using the projection p : T4 + T4/a we can pull the bundle Iw @ L back to 
the 4-torus T4 to get a sum of a trivial real line bundle and a trivial complex line bundle 
p* (R $ L) = Iw @ C. The involution 0 acts not only on the space T4 by - 1, but also on 
the fibers pullback bundle, it acts on the fibers of p*L = C as -1 and acts on the real 
part trivially. The cohomology groups of the deformation complex can be identified with 
the part of the corresponding cohomology groups for Iw CE @ + T4 fixed by the action 
of cr. One can easily deduce that 
dimH”(~,Ad~i) = 1, dimR’(d?,Adq2) = 8, dimR$(g,Advi) = 3. 
4.2. Kronheimer ‘s moment map 
In this section we review the hyper-Kahler quotient construction for the group Z/22 
in [ 141 and relate Kronheimer’s result to our gluing problem for the K3 surface. 
We regard Z/22 as a subgroup of SU(2), and denote the generator of Z/22 by cr. 
By definition [ 141, the regular representation of Z/22 is given by CJ i-$ (y :,), which is 
the same as the action of 0 on the fiber of the trivial C* bundle over the 4-torus T”. Let 
Q be the canonical 2-dimensional representation of 2/2X In our case, we shall take Q 
to be the space of harmonic l-forms dxi, 1 6 i < 4, on the four torus T4, and CJ acts 
by dx, ~j -dxi. Since Iw4 can be identified with the quaternions M[, we regard Q as a 
rank-l W-module in such a way that SU(2) coincides with the symplectic group Sp(Q) 
of W-linear isometries of Q. Next, a choice of invariant Hermitian metric on R gives 
End(R) a real structure, the anti-linear involution (Y ct a*. We shall regard End(R) as 
the complexification of the fiber of Iw $ p* Ad n7, where p is the projection T4 + T4/a. 
Now put 
P = Q ~3 End(R). 
Define M = Pz/2z, the space of Z/ 2Z-invariant elements in P. From our identifications 
above, M is just the Z/2Zinvariant part of H’ (T4,p* Adqi), hence 
111 = H’(g2,Adni). 
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Choose an orthonormal basis dzt , dzz for Q so as to represent an element of P as a 
pair of endomorphisms (o, p), where a,,/3 E End(R). From [13], the pair (a,/?) lies in 
M if it satisfies the condition that 
More explicitly, we have 
Let U(R) = U(2) be the group of unitary transformations of R and let F c U(R) be 
the subgroup consisting of those elements which commute with the action of Z/2Z on 
R. The natural action of F on P given by 
(a>P) e (f&,fPf-‘), f E F, 
preserves the subspace M. Obviously F is the stabilizer of the reducible connections 
vi. As the circle subgroup C(U(R)) f o scalars acts trivially, we have an action of 
F/C(U(R)) on M. We can represent elements of F/C@(R)) by SU(2) matrices 
a2+b2= 1, a, b E Iw. 
The moment map or. for this action was written down in [13]. The three components of 
1-1 are given by 
PI(~,P) = +i(k4a*l+ BP*]), 
P2(%P) = ;([wq + [a*,P*l), 
P~(Q, P) = +i( - [a, PI + [a*, P*l). 
Our first observation is 
Lemma 4.1. Given an element p in H’(_?, Adqi), the three components of the map 
lpAp]+ : H’(z,Advi) + H:(ji,Advi) 
are given by Kronheimer S moment map. 
Proof. Any cohomology class p in M = H’ (2, Ad vi) can be written in the form 
P = adz, + a*&1 + ,Bdzz + /3*&z. 
We have 
b A PI = [a, a*lda A &I + [P, P*]dzz A d% + [a, P]dz, A d.z2 
+ [a, P*ldzl A &2 + [a*, P]G A d.q + [a*, /?*I&, A dz2. 
Taking the self-dual part, we get the three components of Kronheimer’s moment map. 0 
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Using the gluing construction of Taubes, we combine Theorem 4.53 of [5] and the 
results of [ 131 to get 
Theorem 4.2. For a generic gluing parameter the ASD moduli space M on our bundle 
Ad E over the K3 surface X is a K3 sut$ace, and the base-point fibration MO + M 
is isomorphic to the bundle Ad(E) + X. 
Remark. The fact that over the K3 surface X, every compact four dimensional compo- 
nent of the ASD moduli space is again a K3 surface is first proved by Mukai [19] using 
algebraic geometry. The proof given above is due to Kronheimer. 
4.3. The (-2)-curve 
Let X be a smooth, closed, oriented Riemannian 4-manifold with b$ greater than 
one. Suppose that X contains a (-2)-curve, that is, a smoothly embedded 2-sphere S 
with self-intersection -2. Let X be the orbifold obtained by collapsing S to a point; this 
orbifold has one double point s where the sphere S used to be. Recall that W = @p*/ +I 1 
is the one-point compactification of the line bundle of degree -2 over the 2-sphere, the 
space X can be obtained as an orbifold connected sum 
x = X #* W, 
where the symbol #2 denotes that the sum has been made at a double point; so X = 
X \ {s} and W \ { oc} are joined along a tube IR x RP3. 
Let P + X be an U(2)-bundle whose restriction to W is isomorphic to the bundle 
El = @ @I L given by Lemma 2.1. Denote the restriction of P to X by P^. 
Theorem 4.3. Suppose that the ASD moduli space M over Ad P is obtained by gluing 
the L2-connections on Ad P and Ad El together, and that there are no Jlat U(2)-bundles 
over _? whose,first Chern class equals that of P/g. If the metric on j? is generic so that 
the L2-moduli space M,- on the bundle Ad P^ is a manifold, then on M 
Y = -p(S)? 
Proof. Since there is no flat U(2)-bundle over j? whose first Chem class equals that 
of Plx^> by the generic metric theorem of [17], we can assume that the L2-moduli 
space M,- on the bundle Adp is a compact manifold, so when we glue the bundles 
p and El together we get M = M,-. By restricting connections to S, we get the map 
T&3& + I3$, which maps M to the unique ASD reducible connection A, on IV, 
that is, 
rs : MO + S* = A, xs, SO(3) 
here M” is the based ASD moduli space. 
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Letting ESO(3) + BSO(3) be th e universal S0(3)-bundle, we have the following 
commutative diagram 
M” xso($ ESO(3) T_ S2 x & ESO(3) 
f 7r 
BSO(3) BSO(3) 
Since SO(3) acts freely on MO, MO xsoc3) ESO(3) is homotopy equivalent to 
M, and f is the classifying map for the base point fibration ,f3: MO + M. Let 
pi E H4(BSO(3);Z) be the first Pontryagin class of the universal bundle, then 
f*(Pl) = PI (8. 
On the other hand, we know that S2 x 50(3~ ESO(3) = ES0(3)/St which is homotopy 
equivalent to CP”; let h be the positive generator of @-(@Pm; Z), and then r* (pi) = h2. 
From [5, Proposition 5.1.211, ~(S)/~.PCC = -$h, hence 
v = -$‘,(p) = -$*(P,) = -$*r*(p,) = +*(h2) = -p(s)2. 0 
In general, the ASD moduli space is not compact, but one can compactify it using 
Uhlenbeck’s results (see [5,9]). We have the following relation for Donaldson’s invariants: 
Theorem 4.4. Let P -+ Z be a U(2)-bundle with (wz(P), S) # 0. For any classes 
Cl,..., Cd-2 E H2(2) having trivial intersection with S, we have 
qd(z,..., cd-2, s, 5) = -qd(&, . . . , cd-2, v). 
Proof. First we need to deal with the possible existence of flat connections on U(2)- 
bundles over _? whose first Chem class equals that of PI?. This can be achieved using 
the trick of Morgan and Mrowka (see Corollary 1.2.2 of [15]). Let X’ be the connected 
sum X#@p2 and let P’ be the connected sum of P with the principal U(2)-bundle v over 
@p2 with c2 = 0 and ci equal to the Poincare dual to [CP’]. The Donaldson invariant 
of P’ is defined and there is a simple relation between the Donaldson invariants of P 
and P’, so one can use the Donaldson invariant of P’ as the definition of that of P. 
Therefore, we can assume without loss of generality that there are no flat connections 
on U(2)-bundles over X whose first Chem class equals that of PI?. 
Secondly we need to cope with the noncompactness of ASD moduli space. Suppose 
-+p, (Ad P) = Ic, and denote the ASD moduli space over Ad P by Mk. Let the codi- 
mension two divisors corresponding to the classes p(Ei ), . . , p(c&2) be VI, . . . , I/d-2; 
then the cut-down moduli space MI, n VI n ’ . . n vd-2 is a four-dimensional manifold. - 
Using the compactification MI, of MI, defined in Section 4.4 of [5], a sequence of points 
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inMkflVin*.. n Vd-2 will converge either to a point in Mk fl VI fl . . . f7 vd_2 or to - 
a point in the space Mk determined by 
(1) a point in C, n EJ where the curvature ‘bubble off’, or 
(2) a point in 
Mk_] f’ Vi n . . . nvi_] nvi+, n’..nvj_, nvj+l n.“ni& 
where Mk-1 is the (d-8)-dimensional ASD moduli space for a bundle Pi with cl (PI) = 
q(P) and -&(AdPl) = k - 1. - 
This gives us the compactification of Mk n VI n . . . n vd_2 as Mk n VI n . . . n vd_2. 
The class p(S) is defined by restricting connections to S. It is well-defined over the 
- - 
part of M,+ where the bubbling off points do not lie on s, hence over MkflV, fl. . ‘flVd_,. 
The class v is a multiple of pi of the base-point fibration. As long as the base point 20 is 
away from the the bubbling off points, the base-point fibration is well defined. Therefore 
the class 1/ is also well defined over MI, n VI rl . . n Vd_2. Now apply the proof of - 
Theorem 4.3 to the compact space Mk n VI n n vd_2. 0 
Corollary 4.5. Let 5’ be a (-2)- curve in the K3 suqace X obtained from resolving one 
of the double points in T4/a; for the U(2)-bundle E over X 
qX,E(S, S) = P(s)* = -2. 
So this degree two Donaldson invariant is the intersection form of X. 
Proof. The K3-surface X has geometric genus p, = 1, so the first Pontryagin number 
of the bundle Ad E is pi (Ad E) = -4p, - 4 = -8. Now apply the last theorem. 0 
5. The p, = 2 elliptic surface 
Throughout this section, C will be a genus 2 Riemannian surface, so the space 
X = T2 x C/o is a singular elliptic surface of geometric genus p, = 2. Let .% de- 
note the complement of the singularities. X is the elliptic surface obtained by resolving 
the singularities in X. 
The character variety &f in this case is the union of T6/ f 1 with four components 
Rd of dimension (4g - 2) = 6. Rd is a double cover of Rf branched over the singular 
Kummer surface T4/ f 1 which sits inside R(C) as the set of reducible representations 
in. Rf is a subset of 
R(C) = Hom(ri (C), 97(2))/Su(2), 
which is also six-dimensional, so in fact Rf is the same as R(C). The intersection of 
T6/ * 1 with %&j occurs when the holonomy around the two generators of ~1 (T2) are Ad- 
trivial, and the intersection are singular Kummer surfaces T4/ 31 1. By Propositions 2.4 
and 2.5, away from this intersection set any flat connection 7 in fi has 
H’(X;Adn) = H;(X;Adr)) = 0; 
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hence from the gluing construction, they describe an open subset of the ASD moduli 
space M. 
The variety R(C) can be identified with the moduli space of S-equivalent classes 
of semistable vector bundles of rank 2 and degree zero on C with trivial determinant. 
This moduli space was studied in detail by Narasimhan and Ramanan in [20]. We briefly 
summarize their results. 
Let J’ be the space of line bundles of degree 1 on C. Topologically J’ is a four- 
dimensional torus T4. C is naturally embedded in J’. We denote the divisor defined by 
C c J’ by 0 (and the line bundle determined by 0, by Lo). Narasimhan and Ramanan 
proved that R(C) IS naturally isomorphic to the 3-dimensional projective space P3 = CP3 
of positive divisors on J’ linearly equivalent to 20, i.e., to the projective space associated 
to HO(J’, L2,). 
The nonstable bundles in R(C) are of the form j @ j- ’ , where j is a line bundle 
of degree 0, i.e., the space of nonstable bundles is isomorphic to the Kummer surface 
T4/ 3~ 1 consisting of the reducible flat connections on C, that is the Kummer surface 
associated to the Jacobian J of X (= quotient of J by the automorphism i : j ti j-‘). 
Now the Kummer surface gets naturally embedded in Ps: if j E J, associate to j the 
divisor Dj = j0 + j-l@. (J acts on J’; j0 denotes the transform of 0 by j; then 
Dj N 20.) This suggests that Ps might be isomorphic to R(C) and also how one should 
define a map R(C) + P3. Note that support 
Dj = {< E J’ 1 Ho@ (j @j-‘)S) #O}. 
Now, if W is a semistable bundle with trivial determinant, let 
C~={JEJ’IH”(C,W@#O}. 
Then Cw is the support of a uniquely determined positive divisor Dw linearly equivalent 
to 20. The proof of their theorem was completed by showing that W ti Dw induces 
an isomorphism of R(C) onto P3. In summary, they proved (see [20, Theorem 21) the 
following result: 
Theorem 5.1. Let C be a complete, nonsingular irreducible algebraic curve of genus 2. 
Let R(C) be the space of S-equivalence classes of semistable bundles of rank 2 with 
trivial determinant on C. Let J’ be the space of equivalence classes of line bundles of 
degree 1 on C. Let 0 be the divisor on J ‘, defined by the natural embedding of C in 
J’ and LQ the associated line bundle on J’. For a semistable bundle W of rank 2 and 
trivial determinant, the set 
is the support of a uniquely determined positive divisor DW on J’ linearly equivalent 
to 20. The divisor DW depends only on the S-equivalence class of W and the induced 
map D : R(C) + PH”( J' , L&) is an isomorphism. 
An essential point in the proof of the theorem is to identify the set of positive divisors 
DW linearly equivalent to 20 passing through a point [ E J’ with the projective space 
B. Yu / Topology and ifs Applicurions 77 (1997) 235-260 259 
P(H’ (C, cp2)). On the other hand, the degree of the canonical line bundle K of C is 
29(C) - 2 which is 2, so the square root K ‘/2 is a line bundle of degree 1 on C. The 
Dirac operator D : T(S+) + T(F) is the usual 3 operator twisted by K’/*; the line 
bundle description of the class p(C) is obtained by coupling the Dirac operator to the 
family of connections. A perturbation of the Dirac operator will still give us the line 
bundle corresponding the class p(C), so we can use < E J’ instead of K’/2. Since 
w tt DW is an isomorphism, the set of positive divisors DW linearly equivalent to 20 
passing through a point < E J’ is the same as the set of connections 
{w E R(C) / HO(C, w @E) # o}. 
We see that this set is the divisor corresponding to the class p(C) from the identification 
between de Rham and Tech cohomology. From the Riemann-Roth theorem, the complex 
dimension of H’ (C, <-‘) is three, so P(H’ (C, Ep2)) sits inside P3 as a standard complex 
plane CP’. In summary, we have 
Proposition 5.2. Let x = T2 x C/o, where C is a genus two Riemann surface. Then 
the character variety fi is the union of T6/ i 1 with four components I&, where each 
Rd is a double cover of the projective spaces CP” branched over the Kummer sur$ace 
TJ/ + 1. Over R(C) ” CP3, the class p(C) is the positive generator of H2(@P3, Z). 
Our degree 3 Donaldson invariant for X is of the form y = 3QIc + bk’. We have 
q(C, C, C) = (~(C)~,fi) = 8 f rom the last proposition. Now (lc, C) = 2, so k”(C) = 
8. From Q(C, C) = 0, we get b = 1. 
Theorem 5.3. For our bundle E + X, the degree 3 Donaldson invariant is q = 3Qk + 
k’. 
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